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Abstract

Bipartite experiments are widely used across various fields, yet existing methods often rely on strong
assumptions about the potential outcomes modeling and exposure mapping. In this paper, we explore
design-based causal inference in bipartite experiments. We first formulate the causal inference problem
under a design-based framework that generalizes the classic assumption to account for bipartite interfer-
ence. We then propose point and variance estimators for the total treatment effect, establishing a central
limit theorem for the estimator and proposing a conservative variance estimator to ensure asymptoti-
cally valid inference. Additionally, we discuss a covariate adjustment strategy to enhance efficiency. We
also conduct simulation and empirical studies to evaluate the finite-sample performance of the proposed

estimators and validate our theoretical results.
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1 Introduction

Bipartite experiments have gained increasing recognition for their utility in various fields, including digital
experimentation, environmental science, and education. In bipartite experiments, treatments are randomized
over one set of units, called treatment units, while outcomes are measured on a separate set of units, called
outcome units. This is different from the classical experiment settings where we randomly assign units
to different treatment groups and measure their outcome of interest after the initiation of treatment. As

illustrated in Figure 1, the treatment units and outcome units are connected through a known fixed bipartite
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graph, and causal dependencies are represented by the bipartite network, leading to what is known as

bipartite interference (Zigler and Papadogeorgou, 2021).
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Figure 1: Hlustration of a bipartite experiment

There has been extensive research on bipartite experiments. A well-known special case is cluster ran-
domization, which has been studied in theory and adopted in practice (Donner, 1998; Donner et al., 2000;
Su and Ding, 2021). The cluster experiment setup corresponds to a situation where each outcome unit is
connected to exactly one intervention unit. More recent works have focused on the general bipartite network,
where each outcome unit may be connected to multiple intervention units, and vice versa. From an analysis
perspective, Zigler and Papadogeorgou (2021) formulated a set of causal estimands in bipartite experiments
and proposed an inverse probability-weighted estimator for observational studies. Doudchenko et al. (2020)
leveraged the generalized propensity score to obtain unbiased estimates of causal effects. Harshaw et al.
(2023) explored the estimation and inference of the average total treatment effect under a linear exposure-
response model. Shi et al. (2024) extended Harshaw et al. (2023) by studying covariate adjustment under
the double linear model. Additionally, Song and Papadogeorgou (2024) studied bipartite experiments in
the time series and random network setting under exposure examined bipartite experiments in time series
and random network settings using exposure mapping and matching estimators for observational studies.
Several works have also addressed the design of experiments in the presence of bipartite interference. For
example, Pouget-Abadie et al. (2019), Harshaw et al. (2023), and Brennan et al. (2022) investigated methods
for constructing better experimental designs in such context.

Despite these advances, there are gaps in the literature. Many existing approaches (e.g. Harshaw et al.,
2023; Doudchenko et al., 2020) rely on strong structural modeling assumptions about potential outcomes,

which makes valid inference heavily dependent on correct model specifications. For instance, Harshaw



et al. (2023) adopted an exposure mapping (Aronow and Samii, 2017; Forastiere et al., 2021) with a linear
outcome model, and Doudchenko et al. (2020) used exposure mapping for estimation along with a linear
model for variance estimation. The performance of these model-based methods is sensitive to whether these
assumptions align with the real data.

In contrast, a design-based perspective defines casual parameters based on potential outcomes and derives
properties of regression estimators under treatment randomization (Neyman, 1990; Imbens and Rubin, 2015;
Ding, 2024). Such a design-based perspective requires fewer assumptions and is generally more flexible.
However, it has not yet been rigorously discussed in the context of bipartite experiments. There are several
challenges to adopting a design-based framework in this context. For instance, how we can establish central
limit theorems and construct valid variance estimators in the presence of strong dependencies across outcome
units? Additionally, if covariate information is available, how should we perform covariate adjustment in
a model-assisted fashion without relying on parametric models, following the spirit of Lin (2013)? These

questions need to be addressed from a design-based perspective.

Our contributions. We contribute to filling the gaps in the literature with several key advancements.
First, we formulate the causal inference problem in bipartite experiments using the design-based framework.
We generalize the stable unit treatment value assumption (SUTVA) to account for bipartite interference.
This generalization is tailored to the bipartite network structure, enabling the identification of the total
treatment effect as a function of observed data. Unlike model-based frameworks, our approach avoids the
need for assumptions regarding outcome modeling or exposure mapping.

Second, we propose a Hajek estimator for the total treatment effect and prove its consistency and asymp-
totic normality under certain assumptions on the network structure. We also propose a conservative variance
estimator that ensures valid inference by accounting for the complexity of the network.

Third, we present a model-agnostic covariate-adjusted estimator that is asymptotically no less efficient

than the naive approach while maintaining valid inference.

Organization of the paper. The rest of the paper is organized as follows. Section 2 introduces the
design-based setup of the bipartite experiments. Section 3 discusses the identification and estimation of the
total treatment effect under bipartite interference. Section 4 presents a covariate adjustment strategy for
constructing point and variance estimators and proves their asymptotic properties. Section 5 conducts many
numerical experiments to validate the proposed methods and theoretical results. Finally, Section 6 concludes
the paper and outlines future research directions. All proofs and technical details are in the Supplementary

Material.



Notation. We introduce the following notation. Let 1{-} denote the indicator function. Let plim denote
the probability limit, avar(-) and acov(-,-) denote the asymptotic variance and covariance, respectively, and
= denote asymptotically the same order. For any positive integer K, denote [K] = {1,..., K} as the set of
all positive integers smaller than or equal to K. Write b, = O(ay,) if b,/a, is bounded and b,, = o(a,,) if
by /ay, converges to 0 as n — co. Also write b, = Op(ay,) if b, /ay, is bounded in probability and b, = o,(an)

if by, /a, converges to 0 in probability.

2 Setup

2.1 Motivating examples

We first present several motivating examples that highlight the applicability of bipartite experimental setups,

which we will formalize in the next subsection through mathematical notation.

Example 1 (Power plant). Zigler and Papadogeorgou (2021) illustrates a case to evaluate how the instal-
lation of selective noncatalytic reduction system or not (treatment) in their upwind power plants (treatment
units) causally affects the hospitalization rates in the neighborhoods (outcome units). In this case, a neigh-
borhood can be affected by the treatments of multiple upwind power plants, while one power plant may affect

a set of neighborhoods. We will revisit this example in Section 5.2 as our real-world application.

Example 2 (A/B testing and Identity fragmentation). Shankar et al. (2023) introduces an online experiment
where treatments are randomized across mobile devices and outcomes are measured from user-level units. This
is a Bipartite Experiment as one user could have multiple devices to receive treatment, while one device may

be shared by multiple users.

Example 3 (Facebook Group). Shi et al. (2024) considers a bipartite experiment where treatments are
randomized across Facebook Groups and outcomes are measured by user-level engagement. The outcome of
each user is affected by interventions on a set of groups she/he belongs to, while treatment in each group

affects all users within that group.

Example 4 (Amazon market). Harshaw et al. (2023) simulates a bipartite experiment on the Amazon
marketplace to evaluate the impact of new pricing mechanisms (treatments) randomized across items on
customer satisfaction (outcome). In this scenario, items with new pricing mechanisms may influence the
group of customers who view them, while each customer may encounter a variety of items subject to different

pricing strategies.



2.2 Setup of bipartite experiments

There are n units and m groups in the finite population. The treatment assignment is randomly assigned
at the group level, while the outcome of interest is measured on the unit side. The bipartite network is
summarized by a known n x m adjacency matrix W, where W, equals 1 if unit ¢ is in the group &, and 0
otherwise for i =1,...,nand k =1,...,m. Let S; C {1,...,m} denote the subset which includes indices of
all groups unit i is in, i.e., k € S; if and only if W, = 1, and let |S;| = Y-, Wi denote the total number
of groups unit i belongs to and S = max; |S;| denote the maximum number of groups the units belong to.

On the group side, we randomly assign the m groups to treatment and control arms. Let Z; denote the
binary treatment status of group k, where Z; equals 1 if group k is assigned to treatment, and 0 otherwise.
Let Dy C {1,...,n} denote the subset which includes indices of all units that belong to group k, and
|Dy| = Y., Wix denote the number of units group k contains and D = maxy, |Dy| denote the maximum
number of units the groups contain.

For each unit ¢, there are 2™ potential outcomes Y;(z), where z = (21,...,2) and 2, = 0,1, k =1,...,m.

The observed outcome Y =Y (Z), where Z = (Zy,--- , Z,). We make the following assumption:

Assumption 1. The potential outcomes of unit i depend only on the treatment status of the groups to which

it belongs. Formally, Y;(z) = Yi(zs,), where zs, denotes the subvector of z corresponding to groups in S;.

Here the potential outcome Y;(z) depends on the treatment vector zs,, whose dimension varies across

units, unlike the classical setting. The causal parameter of interest is the total treatment effect
n
T=n"") {Vi(1)-Yi(0)}.
i=1

T captures the difference in the average potential outcomes when all groups are treated versus when none
are controlled. It is a widely studied estimand in settings with interference such as bipartite spatial ex-
periments (Zigler and Papadogeorgou, 2021; Harshaw et al., 2023). Denote g = n~'> ", Y;(1) and
po =n"1>""  Yi(0), we have T = pq — pp.

3 Proposed estimation procedure

3.1 Point estimator

Let T; = 1{>_}", Wir(1 — Z;) = 0} and C; = 1{>_;", WirZr, = 0} denote the indicator that all groups

which unit 7 belongs to were assigned to the treatment group and the control group, respectively. Across the



paper, we focus on Bernoulli randomization where each group is independently assigned to the treatment
group with probability p and the control group with probability 1 — p, i.e., Z ES Bern(p). Under Bernoulli
randomization, we have E(T;) = plSil and E(C;) = (1 — p)!Sil. A natural Horvitz-Thompson-type estimator
n~i3 T /plSi -t ST CY; /(1 — p)lSil is unbiased to 7. However, throughout this paper, we focus

on the following Hajek-type weighting estimator 7 = i1 — jig, where

: _12

X _ C,Y; -
po = 12 \8|/ IZ \sw

E
|

because of its better finite-sample performance compared with the unbiased Horvitz-Thompson estimator.

3.2 Consistency of 7
Assumption 2. S =O(1) and D/n = o(1).

Assumption 2 restricts the density of the bipartite graph as n increases. We restrict the maximum number
of groups each unit belongs to bounded by a constant while allowing for the maximum number of units each

group contains to increase with n but at a slower rate.
Assumption 3. The potential outcomes and the covariates are bounded.
We have the following consistency result for 7.
Theorem 1 (Consistency of 7). Under Assumptions 1-3, 7 converges in probability to 7.

We introduce additional notation. Let Y (2) = (Y1(2),...,Y,(2)) denote the vector consisting all po-
tential outcomes under treatment assignment z, and Y (z) = Y (2) — n™? i, Yi(z) denote the centered

potential outcome vector.

3.3 Asymptotic distribution

We further assume the following condition on the density of the bipartite graph to establish the asymptotic

distribution of 7.

Assumption 4 (Sparse bipartite graph). Define groups j1 and jo are connected if there exists at least one

unit belonging to both groups. Assume for any group k, the total number of groups that are connected to k



is bounded by an absolute constant B.
Z 1{j, k are connected} < B.
J€lm]\{k}
Assumption 4 restricts how dense the bipartite graph could be.

Theorem 2 (Asymptotic distribution of 7). Under Assumptions 1-4, the variance of 7 has the order:

var(7) /v, = 1+ o(1), where

vn = n? {Y(1)TA1Y(1) FY(0)" A Y (0) + 2Y(1)TATY(O)} : (1)
where fori,j=1,...,n,
(Ar)iy =p 1909 =1, (Ag)iy = (1 =p)T 909 -1 (A)i; = {Sin S # @}
Further assuming the non-degeneracy of vy, i.e., v, < D/n, we have

v_l/Q(f' —-7) — N(0,1)

n

in distribution.

Remark 1 (Non-degeneracy of v,). In Theorem 2, we impose the condition that v, =< D/n. This is
motivated by several aspects. First, in the supplementary material, we prove that under Assumptions 1-4,

the variance has an upper bound

Uy < —, (2)

where ¢ > 0 4s a universal constant. The non-degeneracy condition assumes the upper bound is tight.
Inherently, it requires the potential outcomes to have a non-degenerate covariance structure. Second, in the
special case of completely randomized experiments, D = 1. Hence, the non-degeneracy condition serves as
a generalization of the classical setting. More generally, our theory allows v, to have a looser lower bound:
vy > c/(D/n)P where 1 < p < 3/2.

As an additional sanity check, we justify the nondegeneracy condition in some random data examples.

Consider a network where D is finite. If the potential outcomes (Y;(1),Y;(0)) are generated independently



from a bivariate normal distribution N'(02,0215), then the quantities in v, has the following order:

n"2Y (1)"A Y (1) =n 2 i(p7‘5i| —1Do? +o(n™h),

which ensures that
n
Vp < 2072 Z(p_‘sil —1)o?.
i=1

Below we use classical Bernoulli randomization and cluster randomization as examples to illustrate the
variance formula in Theorem 2. Our Theorem 2 recovers the canonical results in the literature in these

specific settings.

Example 5 (Classical Bernoulli randomized experiment). In classical Bernoulli randomized experiments,

L afi=y,

0, ifi#]J.

SiﬁSj =

Thus the asymptotic variance in equation (1) reduces to

i=1
This variance formula recovers the classical result by Neyman (1990).
Example 6 (Cluster randomization). In a cluster randomization setting with m clusters and the treatment

assignment Zy, u Bern(p) for k=1,...,m, we have

1, ifi,j5 belong to the same group,
SnsS; =
0, otherwise.



If we order the units according to the cluster they belong to,

1,, O 0
0o 1, -~ 0 1-

A = : c A= — A a0 = 2,
: : : p 1—p
0 0 1,

where 1,, s an ny X ng-dimensional matriz with all entries equal to 1 and ny is the total number of units

in cluster k for k =1,...,m. Therefore, the asymptotic variance in equation (1)reduces to
s fnn v
o= np(=p) Y D T
k=1 Li=1 p P

This variance formula recovers the result in Su and Ding (2021).

3.4 Variance estimation

We propose the following variance estimator for avar(7):

1/2 1/27 2

9 T;T;(Y; — f11)(Y; — 1) (A1)i g 2 C;C;(Y; — No)ij
Z /;ls(us fi1) (A1) Z uo)()s USM\O)( 0)i (3)

[S9Y
I

The following Theorem 3 shows that ¢ converges in probability and is conservative to the true asymptotic
variance avar(7). Therefore, we can construct a confidence interval: [7 — qq /20 12 7 4+ qq /2'1)1/ 2] that ensures
valid Type I error control in a large sample, where g,/o denotes the upper a/2 quantile of a standard

Gaussian distribution.
Theorem 3 (Conservative variance estimator for 7). Under Assumptions 1-4,

(a) ©/plim(d) converges in probability to 1, where
N 1/2 L 1/212
plim(d) = [{n‘QY(l)‘AlY(l)} + {n_QY(O)‘AOY(O)} }
(b) plim(v) > avar(7), where the equality holds if and only if

YAV (0) = {¥V(1)'AY (1)} (0)" Ao Y (0)}1/2. (4)



The condition for the conservative variance estimator to be consistent, as shown in Theorem 3(b) is
generally complicated to analyze. We revisit the two Examples 5 and 6 to provide more intuition of the

equality condition in special cases.

Continuance of Example 5 (Classical Bernoulli randomized experiment). In the classical Bernoulli ran-

domized experiment setting, condition (4) reduces to

which is equivalent to Y;(1) = (1Y;(0) for any i = 1,...,n and {; > 0 is a positive constant. One special

case that satisfies this condition is the constant treatment effect case.

Continuance of Example 6 (Cluster randomization). In the cluster experiment setting, condition (4)

reduces to
5 1/2

E{gro}{ge)- [E g} BB}

which is equivalent to Y %, Yi(1) = ¢ ik Y;(0) for any k=1,...,m and ¢y > 0 is a positive constant.

4 Covariate adjustment

4.1 Methodology

Let X; denote the centered covariates, i.e., X; = X; —n~! >, X;. Consider a class of covariate-adjusted

estimators indexed by (51, 8o)

n

Ci(Yi—BXy) / _
1; I?S\ / 12 (1-p IS\

7(B1,B0) = 712 LY - BiX /712

pISi sl

where we replace Y; in the naive estimator 7 with linearly adjusted residuals. Further denote X =
(X1, .-,
7(B1, Bo)

X, )* the centered covariate matrix including all n units. The covariate adjustment estimator
ha

as the following properties for fixed (81, 8o)-

Proposition 1 (Consistency and asymptotic distribution of 7(81,80)). Under Assumptions 1-3, for any
fized (51, Bo), 7(B1,B0) converges in probability to T. Further suppose Assumption 4 holds, the variance of

10



7(B1,Bo) has the order var{7(B1, Bo)}/vn(B1,B0) = 1+ o(1), where

on(B1,B0) = n 2 |{Y (1) = X/} A{Y (1) - XB1} + {Y(0) — X B0} "Ao{Y (0) — X}

+2{Y (1) - XB1}"AAY (0) - X o} (5)
Further assuming the non-degeneracy of v, (81, Bo), i-e., va(B1, Bo) < D/n, we have

vn (B, Bo) "2 {#(B1, Bo) — T(B1, Bo)} — N(0,1)

in distribution.

Proposition 1 states the analogous results to Theorem 2 on the asymptotic distribution of the class of
covariate-adjusted estimators. The results follow directly when we treat the linearly adjusted residuals of the
potential outcomes, Y;(1) — ﬁle and Y;(0) — BSXL as “pseudo potential outcomes” and apply Theorem 2.

Similarly, we can construct a conservative variance estimator for 7(81,3p). Denote the upper bound of

vn(B1, Bo) as

Un,uon(B1, Bo) = ([n—2{1?(1) - XA MY (1) - X6} Y [ (0) = X B0} "Ao{ ¥ (0) — X o} | 1/2)2

and the corresponding consistent estimator of the upper bound as

B N 1/2

R T,Ti(Y; — i — BEX)(Y; — iy — BTX ) (Ay)i s
On,us(B1,B0) = > Ll Z\)s(iu{w alups i

Y p

~ R 1/272
Y CiC; (Y — fio — By Xa) (Y — fio — By X;)(Ao)ij
a (1= p)IS0S)
1,7

To gain the best asymptotic efficiency by using covariate adjustment estimators, ideally, we want to
minimize the asymptotic variance in (5) across values of (81, 5p). However, the third term in (5) is not
estimable because it depends on the joint distribution of the potential outcomes. Instead, the improvement
in the asymptotic variance of the covariate-adjusted estimator, 7(81, fo), compared with that of the naive

estimator 7, is estimable. Let L(f1, 89) denote the difference in the two asymptotic variances, i.e.,

L(B1,B0) = vn(f1,P0) — vn(0,0)

11



T T

_(a) (Rax xeax) (5) (v s xeavo) (6
Bo XA X X"AoX | \ B X"AgY (0) + X"A, Y (1) Bo
Define the optimization problem and its solution as
(Bufo) = axg min L(51. 50). (6)

By construction, the improvement in asymptotic variance is guaranteed. We formalize this result in the

following proposition.

Proposition 2 (Improvement in asymptotic variance). The covariate adjustment estimator %(/3’1, BO) has

an asymptotic variance no larger that of 7, i.e., vn(Bl,Bo) < vp.

4.2 Estimation and inference based on covariate adjustment

The optimization in (6) is a population-level convex problem which has a closed-form global optimal solution

(181750)7

-1

By XM X XA X XTA1Y (1) + XTA, Y (0)
Bo X"A X X"AoX XTAY (0)+ XA, Y (1)

We propose to estimate the vector which includes unobserved potential outcomes using the sample analog by
inverse probability weighting, similar to the trick used for variance estimation in Section 3.4. We construct

the following estimator of (i, BO),

-1

A ~ ~ ~ ~ T X (Y —iin) (A1)s. 5 CiCi Xi(Yi—fuo)(Ar)i s
B\  [X'MX XTAX 3 TR 1 5 J(lfp;mﬁﬁéﬁ‘ g
A - < < < " TITJX,L ijfA A i C,,CJX,L ijfh A i g
Bo XA, X XTAX I aEDVIES

We next establish the asymptotic properties of the covariate-adjusted estimator %(Bl, Bo) To simplify the

discussion, we introduce the following assumption that imposes the limits for several population quantities.

Assumption 5 (Existence of limiting values). Assume that

_ - AT - B Q Qe
(D/n) (Y(l) X) Ay (Y(1) X) - ypll Syl g
sz’ll Qza:,ll

12



(D/n) (Y(O) X) Ao (Y(O) X) N QSZZZ Q;ZZ — Qo
(D/n) (¥ (1) X)A (vo x) - Qoyao e} g -

T
Qym701 Qa:a:,lO

Assumption 5 requires the weighted covariance matrices of potential outcomes and covariates to have
limiting values not depending on n as n — oco. In the special case of complete randomized experiments
without interference, it reduces to the assumption in Theorem 5 in Li and Ding (2017).

The following theorem shows the consistency and asymptotic distribution of %(Bl, Bo).

Theorem 4 (Consistency and asymptotic distribution of%(ﬁh BO)). Under Assumptions 1-3 and 5, %(Bl, Bo)

converges in probability to 7. Further suppose Assumption 4 holds,
JUP P V2 R PN
avar{7 (51, 50}] {T(ﬁl,ﬂo) — T} - N(0,1)

in distribution.

Combined with Proposition 2, Theorem 4 suggests the covariate-adjusted estimator can reduce the asymp-
totic variance compared with the unadjusted estimator.

Now following our discussion in Section 4.1, we can use the variance estimator 0y, yp (31, Bo) by plugging
in the estimated coefficients. The following theorem establishes the convergence and conservativeness of this

variance estimator.

Theorem 5 (Conservative variance estimator for 724). The variance estimator f/mUB(Bl, Bo) 1S a conserva-
tive variance estimator following the facts that @n,UB(Bl,BO)/’Un,UB(Bl,BO) converges in probability to 1 and

that vy vs(B1, Bo) > avar{#(B1, Bo)}.

Theorem 5 proves the conservativeness of the variance estimator, which directly motivates a valid confi-

dence interval: [7(B1, B0) — o290’ 7(Brs Bo) + du 20 o).

5 Simulation and real-world data analysis

5.1 Simulated bipartite graph

We conduct simulation studies to evaluate the finite sample performance of our proposed estimators in this

section. In the simulation, we start by creating two types of nodes: individual nodes and group nodes.

13



We generate the degrees of individual nodes following Gaussian distribution and truncate them to ensure
they are between 0 and S. For each node i, we randomly assign a degree |S;| within this range. Next, we
randomly connect individual nodes i to |S;| different groups from the set of group nodes. Moreover, we make
the following adjustments to ensure the graph satisfies the sparsity condition in Assumption 4. For each
degree s, we examine the number of connected group sets through individuals with degree s. If the count
surpasses a predefined upper limit, we break a random subset of the connections. Specifically, we break links
between individuals and groups that are part of the same overly connected set. We then randomly establish
new connections with other group sets that were not previously overly connected, ensuring that the total
degree of each individual is unchanged. We keep the bipartite graph fixed after building it up.

We consider three different regimes of data generating process. For each regime, we generate covariates
X; = (X1, X2;) ~ (U[0,1])? and the potential outcomes Y;(1) and Y;(0) from the following conditional
distributions summarized in Table 1, with v = (1,1)" and «; ~ U[0,0.5]. The treatment indicator Zj £

Bern(p) with p = 0.5.

Regime Yi(1) Y;(0)
R1 N(0.25 +~"X;,1) N(H"X;,1)
R2 N(a; +9"X;,1) NH"X;, 1)
R3 N(0.1]S;| + 1.197 X, 1.5) N(v"X;,1.5)

Table 1: Three regimes of data generating process

In Table 2, we report the finite sample performance of the two estimators 7 and 724 with n = 5000,
m = 1500, and S = 5 based on 1000 Monte Carlo replications. In all three regimes, the two estimators
both have small finite sample bias, and the proposed variance estimators are conservative, leading to valid
inference with coverage rates larger than 95%. Compared with the naive estimator 7, the covariate-adjusted
estimator has s smaller standard error and higher power under all regimes. Although our theory guarantees
efficiency improvement only in asymptotic variance, in the numerical studies, we also observe smaller variance

estimators and thus shorter constructed confidence intervals under all three regimes.

5.2 Data analysis based on real-world bipartite graph

In this section, we apply our estimators to analyze a real-world bipartite graph. We revisit the application

discussed in Zigler and Papadogeorgou (2021) and Papadogeorgou et al. (2019), which studies the causal

14



naive estimator covariate adjustment

Regime T T SE(7) SE(F) coverage power 724 gR(#24)  gR(#*Y)  coverage power

R1 0.221 0.223 0.059 0.086 99.7% 82.3% 0.223 0.055 0.080 99.5% 89.3%
R2 0.256 0.255 0.062 0.085 98.8% 92.8% 0.254 0.058 0.079 98.8% 96.0%

R3 0.355 0.358 0.085 0.124 99.6% 90.6% 0.358 0.082 0.119 99.5% 93.4%

Table 2: Finite sample performance of estimators 7 and 724, For each regime of data generating process, we
report the true total treatment effect 7, the two point estimators, their standard error SE(-), standard error
estimator SE(-), the coverage rate of the 95% confidence interval constructed using the conservative variance
estimator, and their power.

effect of the installation of selective non-catalytic reduction system at a power plant on the air pollution
level in the nearby areas. The intervention is at the power plant level, i.e., each power plant may be
assigned to the implementation of the new system (Z = 1) or not (Z; = 0). Since multiple power plants
simultaneously influence a given area, and each power plant can potentially affect multiple areas, it forms a
natural bipartite graph. To model the scenario, we simulate a bipartite randomized experiment based on the
real-world bipartite structure between power plants and nearby areas. We take power plants as treatment
units and air pollution monitors as outcome units.

We construct our dataset using the power plant dataset from Papadogeorgou et al. (2019) and 2004
air pollution data at the monitor level from the United States Environmental Protection Agency’s website.
Additionally, we incorporate population information for the counties where the monitors are located. The
initial dataset of outcome units includes 95,762 air quality monitors, and the intervention units correspond to
473 coal or natural gas-burning power plants operating in the continental U.S. during the summer of 2004.
To prepare the dataset, we remove outcome units with an “Arithmetic Mean” above the 90th percentile
among all observations, and we also exclude outcome units with an “Arithmetic Mean” around 0 (we choose
2 as the threshold in this application), and outcome units with a population size exceeding 10. To address
computational constraints, we randomly select 10% of the remaining monitors. We calculate the distances
between monitors and power plants using their longitude and latitude coordinates. A bipartite graph is then
constructed by connecting monitors to power plants located within 15 km. Finally, we remove monitors and
power plants that are not connected to any other units, resulting in a dataset comprising 795 outcome units
and 228 intervention units. The maximum degree of outcome units is restricted to be 2.

We assume the potential outcomes to be Y;(1) = 7{X; + 1 and Y;(0) = ~JX; + €9, where v, =
(2,-2,-2)", 70 = (1,—1,—1)", and e1,e9 ~ UJ0,15]. This data generation process is designed to simulate
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the distribution of the observed ‘Arithmetic Mean’ in the pollution dataset. To standardize the covariates
and ensure numerical stability, we scale the population seize of the county where the monitor i is located by
dividing it by 10% (X1;), and the distance between monitor i and its closest power plant by dividing it by 30
(X2;). The third covariate, X3;, represents the number of power plants connected to monitor . We consider
1000 Monte Carlo replications. In each replication, treatment units are randomly assigned to treatment with
a probability of p = 0.5. When applying the covariate adjustment estimator, we include the scaled covariates
X1;, Xo9;, and X3; in the model. The true total treatment effect is -1.266.

Table 3 below reports the simulation results based on the real-world bipartite graph. We can see that both
the naive estimator and the covariate-adjusted estimator have small biases for estimating the true treatment
effect, and both strategies lead to valid yet slightly conservative confidence intervals. Nevertheless, by
applying the covariate adjustment strategy we introduced in Section 4, we can witness a reduction in both
the standard deviation of the point estimator and the estimated variance, which leads to a great improvement

in the power.

estimator point estimator SE SE coverage power
naive estimator 7 -1.251 0.136 0.227  98.2% 80.6%
covariate adjustment 724 -1.202 0.116 0.170 97.7% 86.3%

Table 3: Simulation results based on real bipartite graph in the power plant application. We report two
point estimators (with and without covariate adjustment), their standard error SE, standard error estimator
SE, the coverage rate of the 95% confidence interval constructed using the conservative variance estimator,
and their power.

6 Discussion

In this work, we propose a design-based causal inference framework for bipartite experiments. We generalize
the classical SUTVA to the bipartite experiment setting and provide point and variance estimators for
estimating the total treatment effect. These estimators are based on theoretical results that guarantee
the consistency and asymptotic normality of the point estimator and the conservativeness of the variance
estimator. We also propose covariate adjustment strategies that help improve the efficiency of the point
estimator. This framework serves as a general extension of design-based causal inference frameworks for

completely randomized experiments and cluster randomized experiments.
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While this framework is useful for estimating causal effects in many general scenarios involving bipartite
experiments, there are several directions for further investigation. First, we focus on the total average treat-
ment effect which compares all versus nothing treatment regimes. There are more general causal parameters
of interest that we can explore. Second, we only discuss the Bernoulli randomization treatment regime,
leaving other more complex bipartite intervention strategies undeveloped. Third, we mainly focus on the
outcome unit-level covariates for the covariate adjustment strategy. When treatment unit-level covariates
are also available, as an ad-hoc strategy, we can incorporate them by using a summary at the outcome-unit
level, for instance, taking the average or sum of the covariate values for the groups that each unit is connected
to. However, a more rigorous and systematic way of incorporating treatment-unit level covariates is unclear.

We leave them for future research.
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Supplementary Material

Section S1 provides a general theory of establishing central limit theorems for bipartite experiments under
Bernoulli randomization.
Section S2 provides proofs of all theorems in the main text.

Section S3 provides additional results on the special case when S = 2.

S1 Theory under Bernoulli Randomization

We first study the distribution of a general statistic defined as follows:

I = Zaklzkl + Z Aheyky Zhy iy + -+ + Z akl..4k52k1 st (S1)
k1 k1<ko k1<--<kg
Here {ag,. k. : k1,...,ks € [m], k1 # ... # ks} is an s-dimensional array that are symmetric in its indices,
ie.,
Ay .. kg — akllmkg if {kl,...7ks}: {ki,Jﬂg}

As a convention, we use (k1 ...ks) to denote an unordered s-tuple with ky # - - - # k. Moreover, Zk’s are
i.i.d. copies of a random variable Z with mean zero, variance o2 and fourth moments bounded by EZ* < vi.
Note that here we do not require Z to be a centered Bernoulli variable.

For the statistic in (S1), we have E(I') = 0 and

2 2 2 4 2 28
or = var(l) = g aj,, 0 + E Qo 1,0 oo F E Ay k5O 5,
k1 k1<ks k1<---<kg

We have the following central limit theorem for I':

Theorem S1. Assume that

1. the array a’s are bounded by some constant a,, that possibly depends on m;

2. there exists a universal constant B such that for all k € [m] and s € [5],

Z {|akk,.. k.| #0} < B;

(k1,..ks) C[m]\{k}

3. the variance is nondegenerate: vr/(m'/%a2,) goes to cc.
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We have v;1/2I‘ — N(0,1) in distribution.

We will use the martingale central limit theorem in Hall and Heyde (2014) to prove Theorem S1. For
completeness of our proof, we first present the martingale central limit theorem as the following Proposi-

tion S1.

Proposition S1 (Theorem 3.2 of Hall and Heyde (2014)). Let {Sni, Fni, 1 < i < ky,n > 1} be a zero-mean,
square-integrable martingale array with differences A,;, and let n? be an almost surely finite random variable.
Suppose the following conditions hold:

1. Squared sum convergence:

Y EAL| Fuia) - 0 (S2)
in probability,

2. Lindeberg condition:
for alle >0, ZE(Aiiﬂ {|Ani| > e} | #niz1) — O (S3)

in probability,
and the o-fields are nested: Fp,; C Fni1,, for 1 < i < k,, n > 1. Then Spi, = Y, Ap; converges in

distribution (stably) to some random variable with characteristics function E{exp (—3n*t?)}.

In particular, a sufficient condition for the Lindeberg condition (S3) is given by the following Lyapunov

condition:

n
For some ¢ > 0, ZE{|AM\2+6} — 0. (S4)
i=1
Proof of Theorem S1. We prove Theorem S1 following three steps. We first construct a martingale difference
sequence based on I'. Next, we check the convergence of the summation of the conditional squared differences
in equation (S2). Finally, we check the Lyapunov condition in equation (S4).
Step 1. Construct a martingale difference sequence based on I'. Let .#,, ; be the o-algebra
generated by Zi,..., 7, ie. Fm g = J{Zl, . .,Zk}. For ease of notation, for any ki,...,k¢ € [m], we
denote Zlcl...kz = Zkl -~-Zke. Let
SNk

—1/2 5
Api = vp E E koo by 1k Dk koo 1k

s=1 (ky...ks—1)Clk—1]
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with agr = ar and Zg = 1. Then {Amk, Fm.i}i, forms a martingale difference sequence and

m

r = Z Ak
k=1

Step 2. Check the convergence of the summation of the conditional squared differences in

equation (S2). We show equation S2 by computing the variance of its LHS,

var {Z B(A2, | ym,kl)}
&

SNk

ot ~ ~
= —var| Y > > Uy ko k QRS k) kDR ko LR )
UF . S 1 (s S 1 ke

5,7 (k1...ks)C[k—1]
(K. kL) C[k—1]

IS
]
>
Ea
&)
>
S

Z akl__Akskakfl,__k;kael.A.e,,eaefl...e;zCOV(Zkl...ksZk;...k;vZ€1-<~€nZ€’1~-%) (S5)

k.l st (ky..ks)Clk—1]
(K- ky ) C[k—1]
(€1..6)Cle—1]
(€y...0,)Cle—1]

59

Note that COV(Zkl...kSZk;.A.k;,v Zgll,.the’l...zfu) # 0 only if

((ky .. k)UK, . KN N{(.. L)U, .. 0 £ o.

For the nonzero covariance, we have

‘COV(Zkl..,kSZk'I...k;,, Zoy .4, Zz;...egly)’

- _ - - 1/2
< {var(ZklmksZk/lmk/r)Var(Zglmthg/lm%)}
1/2
< {B(Z .28 0B 078 )}
< B(ZE G )VE(ZY o OVEZL ) B2 )M
< Vi+r+t+u§l/;1(5—l)_
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Therefore, we can further bound (S5) as

var {Z E(AZ, | ﬁm,k_l)}
k

04y4(§_1)dfn
< — > Ulac,| # 0} 1{lac,| # 0}1{lac,| # 0}1{lac,| # 0}
r Gl,Gg,Gg,G4C[S]J
G1NG2#9,
G2NG3#9,
G3sNG1#9
U4V4(§_1)(_14 (BSQ)
< : o > ag, | # 0} 1{|ag,| # 0}1{|ag,| # 0}
r G1,G2,G5C[S):
G1NG2#9,
GoNG3#QD
04u4(§71)aﬁ1(325’4)
< Th > 1lac,| # 0}1{lac,| # 0}
r G1,G2C[S]:
G1NG2#Q
< 04V2(S_1)dfn(B4S6)m
< v12“
= 0(1)5

under the third assumed condition.

Also, we have

E{ZE(ASnkw‘m,k_l)} = 1
k

Therefore, by Chebyshev’s inequality,
S B(AL, | Fmp1) — 1
k

in probability.
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Step 3. Check the Lyapunov condition in equation (S4). We have

Y E@Ly) =

E Ay ok Ok ke ROk kO kB (Zhy ke Zt et Dt e L et )

’—J@w‘ =

k=1 s,rtu (ky...ks)Clk—1]
(ky...k; ) Clk—1]
(kY ...k Clk—1]
(KK Clk—1]
lels' SNk
< 7 Z Z |aky . kokllar;  kokllany  kprllany gk
Dol st (kyoky)Clk—1)
(K} ...kL)C[k—1]
(kY ...k ) Clk—1]
(kY k) C[k—1]
V25@4
S =2 > Hlag,| # 0}1{|ag, | # 0} 1{|ag,| # 0} 1{|ac, | # O}
r G1,G2,G3,G4C[S]:
G1NG2NG3sNGy#D
454 Q\4
< vyt a,, (BS)*m ~ o(1).
vf
Combining results in Steps 1-3 and Proposition S1, we prove the results in Theorem S1. O
S2 Proofs

S2.1 Lemmas
We first introduce two Lemmas to simplify the proof.

Lemma S1. For any two arrays {a;}"_, and {b;}_,, we have

n=?2 Zaibj(p_‘smsj‘ —-1) < nltpt- 1)(maxai)(maxbi)§D
7'7]’ 1 ?

Proof of Lemma S1. p~15:0Sil — 1 is nonzero if and only if $; N'S; # @. For each unit i, the number of

groups i belongs to is no larger than S, and there are at most D units in each group. Therefore, for each i,
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|3, b (1SS — )] < (p5 — 1) (max; b)SD thus

|Zaibj(p_|smsf| —1)| < n(p~® — 1)(max a;)(max b;)SD.

O
Lemma S2. For any two arrays {a;}7_; and {b;}_,, we have
_ T;T;a;b; (p~15:0Sil — 1) 1. _& _
’ Z DSOS < n7'(p~® — 1)(maxa;) (maxb,)SD, (6)
TTG@ |S-ﬁ8x\_1) e & . &
-2 Z pIS 051 < n73p 4S(mlaxa?)(mlaxbf)SSD3(p S 12 (S7)
Proof of Lemma S2. By the fact that E(T;T;) = p/S:¥Sil| we have
T;Tja;b; (p~15:1Sil — 1)
n=2 ¢ — -2 b (p—1SiNS;| _
Z p\s Us;| = n Zazblj(p it—1).
0]
Equation (S6) holds by Lemma S1.
Next, we prove equation (S7). Recall that we denote (A;); ; = p~1¥:1Sil — 1. We have
QZTTaI ;(p19i0Sil 1) oy Z cov(T;T;, T Ty)aibjauby (A1)i (A1)
PISiUS;| = PIS:US; [+1S.US,|
N RTRY
< 7 N Jeov(TT, TuTo)aibjaubs (A )i j (At )u,u].(S8)
1,5,U,V
(59)

If (S;US)N (S, USy) = @, then T;T; and T, T, are independent, thus cov(T;1},T,T,) = 0. Therefore,
cov(T; T, T Ty ) (A1)s,5(A1)u,e is nonzero if and only if S;US; # @, S, US, # @, and (S;US;)N(S,US,) # @.
Without loss of generality, assume that (S; US;) NS, # @, we have

> leov(TyTy, T Ty )aibjauby(Ar)i j (Ar)uo|

,,U,0

< 3 labs(M)iy Y leov(TiTy, T T, auby (A )|
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< Z Jaibi|(Av)ig D lau] D lcov(TiTy, TuT, )by (A1),
0 u v
< Z Jaibj|(A1)ig D laul(p~ = 1)(maxd,)SDU{S; U S;) NS, # 2}
< Z|azb [(A1)i;( 5 )(maxau)(méixbv)52D2
< n(p’g —1)*(maxaf)(maxb;)S*D?,

where the third inequality follows from (S; US;) NS, # @ and a similar argument in the proof of Lemma S1
that for each w, | >, by(A1)ue] < (p~° — 1)(max, b,)SD, the forth inequality follows from the fact that u
has to be connected to either ¢ of j, and the total number of u such that 1{(S; US;) NS, # @} is nonzero
is no larger than SD, and the last equality follows from Lemma S1. Plugging in back to equation (S8) gives

the second inequality in Lemma S2. O

S2.2 Proof of Theorem 1

We first show i1 is consistent to pu; by showing the numerator of fi; — pq converges in probability to 0 and

the denominator converges in probability to 1. The numerator of i1 — 1 has mean zero and variance equal

to
-1 Ti(Yi — M1
et B}
-1 =~ {Y; 111  Win(1 = Z) =0
- n Z{( —pm} {Z;m w(1 = Z) }]
= n2;pslll+SJ|E {Yi(l)_ﬂl}{Yj(l)—ul}l{’;Wik(l_zk):0}1{’;ij(1_2]€):0}‘|
-2 Yi(1) — i} {Y5(1) — g} plSivSsl
n Z{ (1) M}stii;ju}p
= n? Z {Yi(1) = }{Y;(1) - ’ul}pflsims”
= n? Z {Yl(l) - ,Ul} {Y](l) — Nl} (p*|3iﬂ3j| _ 1)
< n—l(p_g — 1)(1(11;3,)(ai)(mz{:txbi)S’D7
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where the second-to-last equality follows from the fact that >, ; {¥;(1) — p1}{¥;(1) — 1} = 0, and the
last inequality follows from Lemma S1. Therefore, the numerator of iy — p; converges in probability to 0
by Chebyshev’s inequality. Similarly, the denominator of i1 — p1 has mean 1 and variance converging in
probability to 0. This concludes the proof of fi; converges in probability to p1. Analogously, jip converges
in probability to g, which concludes the proof of Theorem 1.

S2.3 Proof of Theorem 2

We first compute the asymptotic variance of the proposed estimators [i;. The denominator of ji; converges

in probability to 1. By Slutsky’s Theorem, we have

p|sz‘

svar(i) = var ln_li{ml)—m}n{zz_lwmu—zk)=0}]

g n*li (Vi(1) = pi } 1 {, Win(1 = Z4) = o}]2

p\5i|

Yi(1) = H{Y;(1) = } 1 {Em: Wir(1 = Zy) = 0} 1 {zm: Wik(1 = Zy) = OH

1
" EAEERa
—
2,] k=1 k=1

_ Yi(1) — pa J{Y;(1) — a |S:US;|
oy =) (500 )

n’ Z {(Vi(1) = i} {Y5(1) = g} p 150551

= n° Z {Yi(1) = a3 H{Y; (1) — pa} (A1)
By symmetry, we have
avar(fig) = n? Z {Yi(0) = po} {Y;(0) — o} (Ao)i;-

Next, we compute the asymptotic covariance between fi; and fig:

acov(jin, i) = n2E ;{Y}(l)m}n{izjzmk(lzk)0}7;{13(0)uo}(f%;)ﬁzjlwikzk0}1
_2 Yi(1) — i }{Y5(0) — o} L{>0  Wik(1 — Zi,) =0} L {> 7", Wi Zk, = 0
— ;E{{ (1) — pur } {¥;(0) — pio} {%fsm_k;)sn k) =0} 1{> KLk }}
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= 2723 {Ni(1) = mHYi(0) — o} 1{S: N S; = o}

= 7Y {Yi(1) = }{Y;(0) — o} 1{S: N S; # o}
]
Combining the results, we have

avar(7) = avar(fi1) + avar(fia) — 2acov(fiy, fiz)
= n? Z {Ya(1) — i} {Y;(1) — i} (Ar)iy + 072 Z {Yi(0) — o} {Y;(0) — po} (Ao)s
#2072 V(1) = HY5(0) = o} (Ar)i

= n2 {Y(1)"‘A1f/(1) +Y(0)"AY (0) + 2Y<1)"‘ATY(0)} :

We then apply the general Central Limit Theorem S1 following two steps.

Step 1. We first give an alternative representation of the numerator of ji; — uq, which is equal to

- z; 1 iy Win(1 = Zig) = OH{Yi(1) — i}

plSil
Z n
= D 2 IS = Wik, {Yi(1) = )
k1 i=1

Ty Ziey
F 0 T S LIS = 2 Wi, W (Y1) — )

k1<ko =1
_|_ PN
D+ Zig ]
+ Z 7§ZH{|SZ‘ :S}Wikl'”Wikg{}/i(l)_ul}
np —
k1<--<kg i=1
Zy, + P o
= 3 BN US| = Wi, {Yi(1) — i}
k1 np =1
(Z~]€1 +p)(2k2 +p) -
p> o D IS = 21 Wik Wk, {Yi(1) = o}
k1 <kz i=1
+ .
Zy, + D) (Ziy +p) -
+ Z ( np = Z 1{[Ss| = S}Wig, -+ Wir {Yi(1) — pu1 }. (S10)
k1<--<kg =1
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By binomial expansion, for any s € [S], we have

n

Zy, +p) - (Zn, +
S Gt e S0 S ) = Wi, W (i) — )
npS
k1<---<ks =1
1 (Zk, +p) -+ (Zr. + D)
= > o > U{|Si| = s} Wik, - Wir {Yi(1) — pa}
k1. #ks i1
1 /s Zkl -
- ()T B s @) Y W,
k1 i=1 ko Fks,
ky#k1,V1i<u<s
1 /s Zk e Z~k i
ra(y) X BB s = W W) ) Y Wi W
) ki#...#ke i=1 kop17e-#£ks,
ky#k1,... ke, Ve<u<s
1 S Zk cee Zk57 n
+8,<3_1> > ﬁzl{\‘sﬂ =Wk, -+ Wi, {Yi(Q) =} > Wi,
' T i=1 o)
ks#k1,....ks—1
1 Z Zk n
T2 TS LIS = s} Wik, - Wk, (Yi(1) — ). (s11)
ki#...#ks =1
For the /-th term, we have
1 /s Zk tet Zk -
o (£> Z 7lnpg - Z H[Si| = s}Wig, -+ Wi, {Yi(1) — pua } Z Wikgyr - Wik,
’ k1. .7k i=1 kop1# ks,
kuF#k1,... ke, VE<u<s
1 /s Zk tet Zk -
- () X RS us) - i, W 000 - s - 01
’ k1. .7k p i=1
1 /s Zk . Zk i
= (e B BB S s = W W 1Y) - )
k1<--<kg i=1
Zk,l o T
= Y T IS = s Wy Wi {Yi(1) = )
k1<--<ky p =1
Plugging back to equation (S11), we have
VA ) Z/q 4 n
S ) ED) S s W - W (Y1) — )
ki<---<ks np =1
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-y ¥ & = & S LIS = 1 Wity - W, (Y1) — ),

=1 k1<-<kg i=1

thus, the summation in (S10) is equal to

~ n g
S S W (1) - pr} 2 IS =)
o i=1 -

+ ) Zklpzkz ZWzkl Wik, {Yi(1 ﬂl}zﬂﬂs | = s}

k1<ko 1=1
I
Zk1 . st
+ Z ZWzlﬁ Wing{Yi(1 ul}Z]lﬂS | =s}.
k1<--<kg

By symmetry, the numerator of jig — po equals

1 1 1 Wi Zs, = 03{Y;(0
Z {Zk k(lki )i{l (0) — po}

n S
- Y- 2, 7 0 Wi (350) = o} 31115 =}

+ Y - 2216172’%22:1/[/1,61 Wik, {Y;(0 uo}21{|5 | = s}

k1<ks
.
LY Z’“ Z’“SZW Wi (Yi(0 }Zﬂ{\8|— 3
ik1 'Lk:s — Ko S
ki1<-- <krs
Define
1 n
A1,kyky = Tp@ ZWikl o Zkz{Y Nl}z ]]-{|S | = 5}7
=1

—1)¢ n
bk, = s S W W (Y0 ) - i 118 = ).
i=1

Tl( s={
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To summarize, we have shown that the numerator of i, — u, is equal to
S
g E Oy hyoky Ly " Lhy
€=1 k1 <---<k,

for z =1,0.
Step 2. We now consider any linear combination of the numerators of fi; — p1 and fig — po. We show it
can be reformulated in the form of I' defined in equation (S1). Consider any ¢; and cg that has ¢ + ¢ = 1.

Define

Akyoky = C1A1 Ky -k T COO0 Ky ks -

Then we can write

n~t ; {qﬂ{iz(;)l —pu} + coCi{Yi(0) — Mo}] _ Z Z Wty s+ Ly (S12)

S
— p)ISil
(1 p) =1 k1<-<kg

We will apply Theorem S1 to establish a CLT for (S12). We check the two conditions required in Theorem S1.
We first show the boundedness of a’s. Note that

a{¥i() —m} (1) co{Yi(0) —uo}} 5

Ay ey = ZWZkl < Wik, |: Z]]-{|Sz| = 3}’
i=1

np n(1l—p)* py
The summand indexed by 4 is nonzero only if unit 7 belongs to groups k1, ..., k;. By Assumption 2, for each
k1,..., ke, we have at most D such units. Hence we obtain

D maxi{|Yi(1) — . [Yi(0) — pro} (ps+a-p5}i=an

|ak1~~~k4‘ < n

Second, we verify the limited overlapping condition > . ...k )cpmp gk Hl@kki .k, | # 0} < B. For any
# 0} = 1{3 ¢, such that Wy, --- Wiy, Wi, = 1}, which is

nonzero if and only if k1, ..., ks are all connected to group k. Therefore,

Z H{|arr, x| #0} < Z 1{k1,..., ks are all connected to group k} < B?,
(k1--ks)C[m]\{k} (k1-ks)C[m]\{k}

(k1---ks) C [m] and k, we have 1{|akk, . k.

where the last inequality holds because by Assumption 4, there are at most B groups connected to group k,

thus the number of combinations (ki, ..., ks) such that all of them are connected to k is upper bounded by
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(%) < B=.
S
Therefore, by Step 2, we conclude that the numerators of fiy — p1 and fig — pg converge jointly to a

bivariate standard normal distribution, after standardization via

n"2Y (1)"A Y (1) n %Y (1)A,Y(0)
n~2Y (1)A, Y (0) n %Y (0)"A,Y (0)

Moreover, the denominators of fi; and fig are converging in probability to 1, thus the asymptotic distri-

bution in Theorem 2 holds by Slutsky’s Theorem.
O

S2.4 Proof of Theorem 3

We first prove the convergence of ¢/plim(%). Denote

. TiT;(Yi — ) (Y — fun ) (A1)
—2 i
- Z p|S uS;|

. CiC;(Y; — A
_ 22 NO)()SUS/TO)( 0)i,j ’

then we have ¢ = (19%/2 + @(1)/2)2. We prove the convergence of ¢/plim(?) by showing that ¢;/plim(9,) =

14 0,(1) and 0g/plim(dy) = 1 + 0p(1), where

plim(dy) = avar(iy) = n 2Y(1)"AY (1),
plim(dg) = avar(fip) = n 2Y(0)"AcY(0).

Rewrite

o= n?y TT{Yi — i+ (= i) HY5 =+ (i — )}~ 5051 — 1)

- IS5
= n? Z TT;(Yi — u1)(}lf)j'|5iuléj)(PSime| -1) (S13)
2]
+2(p — fu)n? Z Lt gﬁs)ﬁgfmsjl = (S514)
1,
g — ) ‘22” pooy (s15)

pIS:US]] J
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and use 71, T2, T3 to denote the three terms in (S13)—(S15), respectively. By the fact that F(T;T;) = pl¥:Sil|
we have F(71) = plim(¢;1). The variance of 77,

var(T)) < n”%p max{¥i(1) — i} D3 (p~% = 1) = 0,(n~°D")
by Lemma S2 when taking a; = b; = Y;(1) — p1. Thus,
Ti = E(T1) +Op{var(T1)V/?} = plim(¢1) + O,(n~*/2D3/?) = plim(d;) + 0,(n~1D).

Similarly, by Lemma S2, we have

Cone LT (Yi — pa) (p~ 150591 — 1) 17
2 _ 1
Z pI5:U55] = Op(n~ D),
TT(Y: — -80S, _ 1 _
n—zz i j( i — 1) (p ) _ Op(n_3D3),

p|57USJ|

by taking a; = Y;(1) — p; and b; = 1. By the proof of Theorem 2, we have fi; — pu1 = Op(n_l/QDl/z), and
To = E(Tz) + O, {var(T2)'/?} gives us

To = 0,(n"Y2DY?).0,(n™'D) + O, [{n ™D -n2D*}'/?] = o,(n"'D).

Also, we have

n’ Z el LLSUZS\ ot Op(n™'D),
n’ Z T p|L|eSQr;SﬁI “Ub — o,mDY
by taking (a;,b;) = (1,1) in Lemma S2. Again, we have
Tz = 0,(n7'D)-0,(n7D) + O,[{n~2D* - n=3D*}¥/? = o,(n"'D).

Combining the three terms 7;-73, we have
01 = plim(dy) + op(nle).
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Under the regularity condition that the weighted covariance matrix of the potential outcomes Y;(1) and
Y;(0) are non-degenerated, plim(d;) = O,(n~1D), thus 91 /plim(¢1) = 1+ 0,(1). Analogously, 9o /plim(dy) =
1+ 0,(1). By the continuous mapping theorem, ¢/plim(?) converges in probability to 1.

Next, we prove that plim(9) > avar(#). Recall that plim(0) = {plim(9;)'/? + plim(¢g)*/2}2, by Cauchy-

Schwarz inequality, we have

avar(7) = avar(fi1) + avar(fig) — 2acov(fi, fio)

IN

plim (1) 4 plim(dg) + 2plim(#1)'/?plim(30)'/? = v.

S2.5 Proof of Proposition 1

The proof for the consistency and asymptotic normality of 7(51, 8o) is analogous to that of Theorem 1 and 2.
We only need to treat the Y;(1) — X3; and Y;(0) — X[, as pseudo potential outcomes. The remaining
step is to check that the conditions in Theorems 1 and 2 still hold with the pseudo potential outcomes.
Assumptions 1, 2 and 4 still hold because the network structure remains the same. To check Assumption 3,

suppose |Y;(2)| < ay and |Xi| < ax, then we have |Y; — 87 X;| < ay + ||B]l1ax is also bounded. O

S2.6 Proof of Proposition 2

The result follows from the fact that

n’un(B1,B0) = {Y (1) = X/} "A{Y (1) — X5} +{Y(0) — X 5o} " Ao{Y (0) — X o}
+2{Y (1) - X51}"A{Y (0) — X 5o}
= Y(1)"A Y (1) + Y(0)"AcY (0) +2Y (1)"A, Y (0)
+BIXTA X By 4 Bo XA X By 4 2B XA X Bo
—BIXT{AMY (1) + A Y (0)} + G XT{AoY (0) + A, Y (1)}

= n2{vn+L(ﬁ~17BO)} < nzvn

where the last inequality follows from the constraint in (6). O
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S2.7 Proof of Theorem 4

Convergence of the regression coefficients.  Define the population limit counterpart for the closed-

form solution (@1 , Bo) :

1 _
' -0 IQW’ (S16)
0
where
0. — Qre11 Qaz10 Q. - Qyz11 + Qyz 01 . (817)
Qxaj,Ol Qmm,OO Qyac,OO + Qyz,lO
By Assumption 5, we have
B XA X XTAX
« = - - . | = Qus.
Bo XA X XTAX

By similar arguments as in Theorem 3, under Assumption 5, the following holds asymptotically in probability:

T

T,T; X, (Y, i C;C; X Ar)i
Zi] J (‘si ug1|) A1)i +Zzg - p;\suuog(\ )i Qym,ll +Qy:v,01
5, B0y 5| Ol Q0 + Ly 0
Therefore, we conclude that
(31730) - (ﬁ;vﬂg) - OP(]')' (818)

Consistency and asymptotic distribution of %(Bl, BO). The difference between %(317 BO) and 7(57, 5)

is

1201 /_12 i )IS\'

i=1

%(51760) _%(61(760 = _12 \S |
By the consistency of the optimization solutions

Bl - BT = Op(l)a BO - 66 = Op(l)a
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and the facts that

n

ol Z p‘s | =0, (n—1/2D1/2) 7 n-1 Z CiX )IS - =0, <n—1/2D1/2) ,

A T —1/2 7 v Ci “1/2 7
1;1)\514 =140, (n12D12) 1;(1—1))\814 =140, (n712D2),

following similar arguments as in proof of Theorem 2, we can conclude that
#(51, Bo) — (81, 5)| = o, (n~1/2DV/2).

By Proposition 1, 7(57, 5;) converges in probability to 7. Hence %(817 BO) is also consistent to 7.

The asymptotic distribution of %(Bl, /5’0) follows from Slutsky’s Theorem and the fact that

{on (81,85} {#Br o) — 7}~ N(0,1)

in distribution.

O
S2.8 Proof of Theorem 5
o BT (Vi — i — BEX) (Vs — fu — BIX;) (A1)
22 1~ M1 p\S US | M1 1y 1),
i,j
- pn2 Z TTH{Y: — B Xi — (jn — ) — (B = B)" XY, = B™X; — (i — 1) — (B — B)" X (A1)

p‘SlUsjl

_ Z T,T;(Y: — B X:) (Y — BT X;) (A1)

p|s US.7'|

o2 Z T (Y: — BT X){(fn — 1) + (Br — B*) "X} (A1)i

- p|S,USJ\
o TiT{(in — 1) + (B = B) " X H{(fu — pa) + (B — B)" X} (A1)i
+n Z 15,05, ]
- plSiUS;
2,]
= I+ 1II+4 III.
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Following a similar proof as that of Theorem 3, we have
I=05(8;) + O0,(n"32D73/2), 1l =0,(n"%2D7%?2), Il =o,(n"*/2D73/?).

Meanwhile, due to the fact that v (8;) < n~1D, we have

~

B1,0(B1) = V1 (B5) + Op(n=3/2D73/2)

and similarly

B0, (B0) = v5(B5) + Op(n=2D7%2).
Therefore,
N A 1/2 N A 1/2 *(ax\11/2 *(ax\11/2 —3/47—3/4
{8} + {t0n(B) ) = iBDY? + {05 ()} + 0y (n=4D74),

and thus

{01, (B1)}/2 + {0, (Bo) } /2

1 — —
T BN T i GyE — LT O DT

by the fact that v}(87) =< n~'D and v§(8%) =< n~'D. Therefore, oy, us(B1,Bo)/vn.vs(BE, B5) converges in
probability to 1.

The conservativeness of v}, (57, 55) for the true variance v* (87, 55) can be established similarly to The-
orem 3 when no covariates are adjusted. The trick is to take Y (1) — X; and Y (0) — X4 as pseudo
potential outcomes and apply the Cauchy-Schwarz inequality for the covariance. Details are omitted.

O

S3 Auxiliary results

This section provides additional results in the special case when S = 2 and we provide a tighter rate.
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S3.1 S=2

Without loss of generality, assume k < &/,

Ay = Z (ak +awZy + -+ ak—l,ka—1> ;
Ay = Zy (Gk' taiwZi+ o+ api g Ze—r + o+ ak’—l,k’Zk’—l) :
5 . _ 2 3 ; 2
AL = Z} {(ak' tapZy+ -+ ak—l,k’Zk—l) + (ak,k/Zk +-+ ak/—1,k/Zk/—1>

+2 (ak/ tapZy+o+ akfl,k/2k71> (ak,k’Zk +-+ ak/ﬂ,k/zkul)} .

We can write the covariance Cov(Ai7 A%/) as 71 + T> + T3, where

_ B B 2 . . 2
T, = cov {Z,f (a;C +aigZh+ -+ ak—l,ka—l) Zh (ak +aywZy+-+ ak_Lk’Zk—l) }
-y N . : _ . 2
75 — COV{Zk (ak+a1kZ1_|_..._|_ak_1,ka_1) 7Zk" (ak7k/Zk+~..+ak/_17k/Zk/_1> }
59 ~ ~ 2
T3 = 2cov{ P (ak +aixdy +--- +ak—1,ka—1) ,

Z}?/ (a; + a11€/21 + -+ ak_17k/Zk_1) (ak,k/Zk + -+ ak’—l,k’Zk’—l)} .

We derive the three terms separately to show that cov(Ai7 A%,) is of small order. First, we have

- - ~ 2

T2 ai,k’cov {ZI% (ak +ayZy +---+ a,k_Lka_l) 7ZI%’ZI?}

- - R 5 } ) ,
~+cov {Zk (Gk +aili+-- + aktfl,]qZk71> , (a,ﬁl,,ﬂ,zk+1 NI ak'—Lk'Zk'q) }

72 7 7 2,9 5 ~ -
—|—cov{ k (ak +apZi +--+ ak71,ka71) y 20530 2y, (akﬂ’k,zkﬂ NS ak’l,k’Zk'1)}

. ~ ~ s
= azvk/cov {22 (ak +ap 2+ + ak_l,ka_l) 7213/213} 1040
L 2] 2 / 2 /2 % > 252 52

= app |E {Zk (ak +apli + -+ ak—l,ka—1> Zk/} - F {Zk (ak +ap 21+ + ak—l,ka—1> E(Zk'Zk)H

. . . . . . 2
= aiw {E(Zﬁ)E(Z,%,) - EQ(Z@E(Z;%')} E { (ak +ayZy +---+ ak—l,ka—l) H

. N . N 2
= a%,k’ var(Z;)E(Z})E { (ak +axli+-+ akfl,kafl) H ,
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where the

second equality follows from the facts that

cov(Z}Z;, Ziy, 2, Z;,) = 0 for any iy,iy < k and j;,j2 > k, and
COV(Z]%ZZ'IZZ'2,Z]€Z]') = 0 forany iy,iz <k andj >k,

and the fourth equality follows from the independence of the centered treatment assignments Z,, Zx for any

(k, k") pair.
Second, we have
1 52 5 5 2 2 5 5
575 = cov< Zy (ak +aixly + -+ akfl,kafl) s L Qg (ak,k’Zk +-+ ak/q,k/zk/—l)

where the

Third,

T =

_ . - 2
~+cov {Zf <ak +aigdy 4+ ak—l,ka—1> ;
Zy (alk’Zl +eee akfl,k’Zkfl) (ak,k/zk +oeee ak/a,k/Z«a)}

_ _ _ 2 _
= COV{Zzz (ak+a1k21+"'+U«k71,k2k71) 7611@,1«(11@'21@213/}7

second equality follows from the facts that

cov(Z3Zi, Ziy, 22 Z;) = 0 for any i1,i2 < k and j > k.

we have

cov {Zi(ak + alkZ1 + -+ ak—l,ka—l)Z; Z}f/ (a, + alk’Zl +-+ ak—l,k’Zk—l)Z}

) k-1 R k—1 ) k-1 N\’
CcCov Z]% ai + 2ak Z atht + (Z atht> y le/ az/ + Qak/ Z atk/Zt + (Z atk’Zt>
t=1

t=1 t=1 t=1

2
k—1 k—1 k—1 k—1
cov {Qak ~,3 Z atht7 Zak/Zi/ Z atk/Zt} + cov ZakZ]f Z athu Z,f, (Z atk/2t>
t=1 t=1

t=1 t=1
Ti1 Tia
k—1 2 k—1 k—1 2 k—1 2
+cov Z,f (Z atk2t> ,Qak/Z,f, Zatk/Zt + cov Z,% (Z atht> ,Z,f, (Z atk/Zt)
t=1 t=1 t=1 t=1
Tis T1a
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We compute the four terms 711—714 separately.

k—1
711 = Z cov (2ak2£ath~t, Qak/Z,f,atk/Zt>
t=1

k—1
= 2akakr5 Atk Al COV (Z]%Zt,Z%Zt>
t=1

= 0O(B),

where the first equality follows from the fact that cov(Z,%Zi, Z,%, ZJ) =0 for any i # j and i,j < k; the last
equality follows from the fact that for all ¢ € [k — 1], there are at most B of them are connected to both
group k and k' by Assumption 4, therefore, Zf:_ll atkatk/cov(z,fzt, Z;%/ Zt) has at most B nonzero terms by

the definition of a; and ays, and 771 is of order O(B).

k—1 k—1
Tia = covi 2 Z} Y awZy, Zh | Y apeZi+2 D ty pr Otk Zty Lt

t=1 t=1 1<t <ta<k—1

k—1 k-1
= cov {2@;@2,3 Z aZy, Z,f, Z afk,ZtQ} +0
t=1 t=1
k—1 o
= 2ay Z Atk COV (Z,%Zt, Z: th)
t=1

= 0O(B),

where the second equality follows from the fact that cov(Z,fZi, Z,f, ij) = 0 for any j; # jo and i, j1,jo < k;
the third equality follows from the fact that COV(Z,%Z-, Z%Zf) = 0 for any i # j and 4,5 < k; and the
last equality follows from the fact that Zf:_ll apa, cov(Z2 2y, Z2, Z2) has at most B nonzero terms by the
definition of aj and ags by Assumption 4 and similar arguments as in 7Ty;.

Similarly, the other cross-term 773 is also of order O(B).

Next, consider 714 where we have

k—1 k—1
72 2 2 72 2 7 7 72 E 2 72 § 7 7
714 = Cov Zk atht + 2 atlkatsztthQ s Zk’ a’tk’Zt + 2 A k' Qi k! Zt1 th
t=1 1<t <t2<k-1 t=1 1<t1<t2<k—-1

k—1 k—1
_ 52 2 52 52 2 72
= cov | Z; atht,Zk,E A Ly
t=1 t=1
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+2cov | Z2
+2cov | Z2
“+4cov Z,%

k—1

k-1
2 72 72 7 7
Z Wi Zi» i Z Atk Aokt Lty Dty

t=1 1<ty <ta<k—1

k—1
E: 7 7 ~2§ 2 72
atlkatsztl th , Zk’ Ayper Zt

1<ti<t2<k—1 t=1

~ o~ 59 ~ o~
E atlkatszt1Zt27Zk;/ E atlk'atzk)/ztlztz

1<t1<t2<k—1 1<t1<to<k—1

= Z cov(Z,fatQthZ, Z,%, afk,Zf) +0+0+4 Z cov(Z,%atlkatsztIth, Zg,atlk/atzkzzl th)

t=1

1<ty <to<k—1

= O(B)+O(kB? = O(kB?),

where the third equality follows from the facts that
1. cov(Z}Z2, ZQ,Z?) =0 for any i # j and i,j < k;
2. cov(Z222,72,2;,Z;,) = 0 for any j1 # jo and i, j1, ja < k;
3. COV(Z%ZiIZiz,Zz/Z;) = 0 for any 41 # 72 and i1,142,j < k; and
4. cov(Z,%ZhZiz, Z~]3,Z~j1 ij) is nonzero if and only if (i1,i2) = (41, j2) for any iy, iz, j1, jo < k;

and the last equality follows from the facts that Zf;ll a?ka?k,cov(zg 72, 7% Z?) has at most kB nonzero terms

by Assumption 4 and

similar arguments as in term 771 and Zl<t1<t2<k—1 atlkatzkatlk/atQk/cov(Z,EZtl Ly, Z,f, Z, Zty)

is nonzero only if ¢; and 5 are both connected to both groups k and k’. Rearranging terms, we have

Combining the four

s 5 so s A
E Aty kOt Oty kbt Atk COV( L3 Ly Loy Zir Lty ity )
1<t) <ty<k—1

k—1
05 B =9 5 5
= § Aty kQty k! E at2kat2k’COV(Zth1Zt27Zk’Zthz)
t1:1 tZ?étl
at most B nonzero terms at most B nonzero terms
= O(B?).

terms 71;-T14, we have T; is of order O(B?), and thus COV(A%, Ai,) is also of order

O(B?) because T, and T3 are smaller order terms compared with 77.

S3.2 Positive semidefinite matrix

We prove several results regarding the properties of the matrices that appeared in Theorem 2.
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Lemma S3 (Positive semi-definiteness of p~ [ and (1 — p)~[¥)). We have the following results:
1. The matrices p~ ¥ and (1- p)_[Q] are both positive semidefinite matrices.

2. The following matriz is positive semidefinite:

A A

S19
A A (S19)

Proof. 1. Recall the definition of Q = (wy;); jen), where w;; = |S; N'S;|. Note the following binomial

decomposition of the elements:

05 e () (5 () (5 (3), o

Hence, we can express p~ Y as

e ) (5 () 5 (D)

Now we prove that each ([2]) is P.S.D.

(1) For k =1, ([g}) = Q, and |S;NS;| counts the number of overlapping groups that unit ¢ and j belong
to. Recall that W (4, ) indicates the groups that unit ¢ belongs to. This suggests w;; is also given by
W (i, )W (j,-)". In other words,

Q
<[k]> =WWT" = 0. (S22)
(2) For k = 2, (*}) indicates the number of pairs of groups units i and j belong to. If we further
define a new membership matrix W, € R™*"(m=1/2  whose rows are indexed by units and columns
by pairs of m groups, with entry Ws(i,1) representing whether unit ¢ belongs to the I-th pair. Then
we can show that
Q
<[2]> = W,oW3 = 0. (S23)

Similarly, we can extend the above trick to ({2). We define W}, as the membership matrix indicating

whether unit ¢ belongs to a k-tuple of the groups. Then we can show

() g =0 (s21)
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This concludes the claim.

. Consider any

“) er2n,
5

We can compute that

1 1-p\>
a’ (p[fgl] - 1) a= (pp) "W Wia+ <pp) a"WoWia + - -

Here,

aTWk:( Z ai) )
i€tuple(t) teTh

Same for the 87 ((1 — p) "1l — 1) B part. Now

O{TQLB = Z aiﬁjl{(gl)ij 7& 0}

Note that for any index set 7,

(o) (2]

2 =2

Therefore, for ¢, j, (Q1);; # 0, we do the following:

(1) in

17
TP atwawia+ (2 ) grwawis,
D 1—p

Wij

we get ( 1 ) lower bound

<wl”) iBi;
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(50 (2)  (5) ()

|

(S25)

(526)

(S27)

(S28)

(S29)

(S30)

(S31)

(S32)



Wij

we get ( 5

) lower bound

Wij

we get ( 5 ) lower bound

- <w§j>aiﬁj§

This process can be conducted until & = S. Hence, taking an addition, we can obtain

{ B <w1w> T <U;,]) . <w?:J) + ... }aiﬁj = 7ai5j —+ (1 — ]_)wijOéiﬁj = *Oéiﬂj.

This concludes the proof.
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